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1 $\mathrm{r}_{\mathrm{q}\mathrm{e}\mathrm{r}}\mathrm{u}\mathrm{i}_{\mathrm{V}}$ $\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{t}\mathrm{y}$ Nakajima quiver
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Kashiwara $q=0$
2 $q=0$ $q$ –
( melting ) global base
Lusztig $U_{q}^{-}(\mathfrak{g})$




$U_{q}^{-}(\mathfrak{g})$ crystal base $B(\infty)$ Kashiwara ([KS]
) (1) quiver










$\mathrm{g}:\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{C}$ Kac-Moody Lie algebra,
$\mathfrak{h}:\mathfrak{g}^{(}7\supset$ Cartan subalgebra,
$\{\alpha_{i}\}_{i\in I}:\mathrm{g}^{(}7\supset \mathrm{s}\mathrm{i}\mathrm{m}_{\mathrm{P}^{\mathrm{l}\mathrm{e}}}$ roots,
$\{h_{i}\}_{i\in}I:\mathrm{g}\mathit{0}\supset$ simple coroots,













(2.1.1) $wt:Barrow P,$ $\epsilon_{i}$ : $Barrow \mathrm{z}\mathrm{u}\{-\infty\},$ $\varphi_{i}$ : $Barrow \mathrm{Z}\square \{-\infty\}$ ,
(2.1.2) $\tilde{e}_{i}:Barrow B\lfloor\lrcorner\{0\},\tilde{f_{i}}:Barrow B\mathrm{u}\{0\}$ .
crystal
$(\mathrm{C}1)\varphi_{i}(b)=\epsilon_{i}(b)+\langle h_{i}, wt(b)\rangle$ .
$(\mathrm{C}2)b\in B$ $\tilde{e}_{i}b\in B$
$wt(\tilde{e}_{i}b)=wt(b)+\alpha_{i},$ $\epsilon_{i}(\tilde{e}_{i}b)=\epsilon_{i}(b)-1_{f}\varphi_{i}(\tilde{e}_{i}b)=\varphi_{i}(b)+1$.
$(\mathrm{C}2’)b\in B$ $\tilde{f}_{i}b\in B$
$wt(\tilde{f}_{i}b)=wt(b)-\alpha_{i},$ $\epsilon_{i}(\tilde{f}_{i}b)=\mathcal{E}i(b)+1,$ $\varphi_{i}(\tilde{f}_{i}b)=\varphi_{i}(b\mathrm{I}-1$ .
$(\mathrm{C}3)b,$ $b’\in B$ $i\in I$ $b’=\tilde{e}_{i}b$ $b=\tilde{f}_{i}b’$
$(\mathrm{C}4)b\in B$ $\varphi_{i}(b)=-\infty$ $\tilde{e}_{i}b=\tilde{f}_{i}b=0$
$B_{1)}B_{2}$ crystal $B_{1}$ $B_{2}$ morphism $\psi$ $B_{1}arrow$
$B_{2}$ $\{0\}$
(2.1.3) $b\in B_{1}$ $\psi(b)\in B_{2}$ $\mathrm{w}\mathrm{t}(\psi(b))=\mathrm{w}\mathrm{t}(b),$ $\epsilon_{i}(\psi(b))=\epsilon_{i}(b)$ ,
$\varphi_{i}(\psi(b))=\varphi_{i}(b)$ ,
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(2.1.4) $b\in B_{1}$ $\psi(\tilde{e}_{i}b)=\tilde{e}_{i}\psi(b)$ $\psi(b)$ $\psi(\tilde{e}_{i}b)\in B_{2}$ ,
(2.1.5) $b\in B_{1}$ $\psi(\tilde{f}_{i}b)=\tilde{f}i\psi(b)$ $\psi(b)$ $\psi(\tilde{f}_{i}b)\in B_{2}$ .
morphism $\psi$ : $B_{1}arrow B_{2}$ $\tilde{e}_{i},\tilde{f}_{i}$ $\psi$ strict
crystalBl, $B2$ tensor product $B_{1}\otimes B_{2}$





$\tilde{e}_{i}b_{1}\otimes b_{2}$ , $(\varphi_{i}(b_{1})\geq\epsilon_{i}(b_{2}))$
$b_{1}\otimes\tilde{e}_{i}b_{2}$ , $(\varphi_{i}(b_{1})<\epsilon_{i}(b_{2}))$
$\tilde{f}_{i}(b_{1}\otimes b2)=\{$
$\tilde{f}_{i}b_{1}\otimes b_{2}$ , $(\varphi_{i}(b_{1})>\epsilon_{i}(b_{2}).)$
$b_{1}\otimes\tilde{f}_{i}b_{2}$ , $(\varphi_{i}(b_{1})\leq\epsilon_{i}(b_{2}))$ .
$\mathrm{w}\mathrm{t}_{i}(b)=\langle h_{i}, \mathrm{w}\mathrm{t}(b)\rangle$ .
Example 2.12 $\lambda$ dominant integral weight highest
weight $\lambda$ integrable crystal base $B(\lambda)$ crystal
$b\in B(\lambda)$ $\epsilon_{i}(b)=\max\{k\geq 0|\tilde{e}_{i^{k}}b\neq 0\},$ $\varphi_{i}(b)=\max\{k\geq$
$0|\tilde{f}_{i}^{k}b\neq 0\},$
$\mathrm{w}\mathrm{t}(b)$ $b$ weight highest weight vector
$B(\lambda)$ $b(\lambda)$ $b(\lambda)$ $B(\lambda)$ weight
$\lambda$ unlque characterize
Example 2.13 $U_{q}(\mathrm{g})$ $U_{q}^{-}(\mathrm{g})$ crystal base $B(\infty)$ crystal
$b\in B(\infty)$ $\epsilon_{i}(b)=\max\{k\geq 0|\tilde{e}_{i}^{k}b\neq 0\},$ $\varphi_{i}(b)=$
$\epsilon_{i}(b)+\langle h_{i}, \mathrm{w}\mathrm{t}(b)\rangle$ $U_{q}^{-}(\mathrm{g})$ 1 $B(\infty)$ $b_{0}$
$b_{0}$ $B(\infty)$ weight $0$ unique characterize
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crystal base crystal crystal
“crystal base crytal”
Example 2.14 $\lambda\in P_{+}$ dominant integral weight 1
$T_{\lambda}=\{t_{\lambda}\}$ $\mathrm{w}\mathrm{t}(t_{\lambda})=\lambda,$ $\epsilon_{i}(t_{\lambda})=\varphi_{i}(t_{\lambda})=-\infty,\tilde{e}_{i}(t_{\lambda})=$
$\tilde{f}_{i}(t_{\lambda})=0(\forall i\in I)$ $T_{\lambda}$ crystal
Example 2.15 $\in I$ $B_{i}=\{b_{i}(n)|n\in \mathbb{Z}\}$ $\mathrm{w}\mathrm{t}(b_{i}(n))=$





quiver variety crystal crystal $B(\lambda)$
category
crystal base crystal
Proposition 22.1 $\lambda$ dominant integral weght, $B$ weight $\lambda$ $b_{\lambda}$
crytsal $B$ 4 $B$ crystal
$B(\lambda)$
(1) $B$ weight $\lambda$ $b_{\lambda}$
(2) strict morphism $\Phi$ : $B(\infty)\otimes\tau_{\lambda}arrow B$ $\Phi(b_{0}\otimes t_{\lambda})=b_{\lambda}$
$Im\Phi=B\mathrm{u}\{0\}$
(3) $\Phi$ $B’:=\{b\in B(\infty)\otimes T_{\lambda}|\Phi(b)\neq 0\}$ $\Phi$ $B’$
$B$
(4) $b\in B,$ $i\in I$ $\epsilon_{i}(b)=\max\{k\geq 0|\tilde{e}_{i}(kb)\neq 0\}$
$\varphi_{i}(b)=\max\{k\geq 0|\tilde{f}_{i}^{k}(b)\neq 0\}$
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3 Quivers and associated varieties
3.1
$A=(a_{ij})$ $\mathrm{g}$ Cartan matrix $\mathfrak{g}$ symmetric Kac-Moody Lie
algebra $A$
quiver (I, $H$) $I$ ( )
$H$ out : $Harrow I$ ,
$\mathrm{i}\mathrm{n}Harrow I$ $i$ $i$ $i$
– $i\neq j$ $i$ $j$ $|a_{ij}|$
quiver (I, $H$) $A=(a_{ij})$ $A=(a_{ij})$
$i$ $j$ $j$ $i$
$A–(a_{ij})\ovalbox{\tt\small REJECT}_{-}^{\vee}$ quiver .
$-:Harrow H$ $H$
$\Omega$ $\Omega\cup\overline{\Omega}=H,$ $\Omega\cap\overline{\Omega}=\emptyset$ $\Omega$ quiver orientation
$V=\oplus_{i\in I}V_{i}$ $\mathbb{C}$ $I$-graded vector space $\dim V=(\dim \mathbb{C}Vi)i\in I\in$
$\mathbb{Z}_{\geq\text{ }^{}I}\text{ }$ – $\mathbb{C}$ $I$-graded vector space $W$ dimension
vector $\dim V=\iota\ovalbox{\tt\small REJECT},$ $\dim W=\lambda$ $P$ –
$\nu\vdash\Rightarrow-\sum_{=i1}\dim nV\mathbb{C}i\alpha i$, $\lambda\vdasharrow\sum_{i=1}\dim \mathbb{C}Wni\Lambda_{i}$ .
$\Lambda_{i}$
$\mathrm{g}$ fundamental $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}_{\circ}$
$\mathbb{C}_{-}\mathrm{h}(7\supset$ vector space $X$ ( $W$ ;l ) $k$
$X(W; \nu)=(.\bigoplus_{\Gamma\in H}\mathrm{H}_{0}\mathrm{m}\mathbb{C}(V\mathrm{o}\mathrm{u}\mathrm{t}(_{\mathcal{T}}), V_{\mathrm{i}}\Pi(_{\mathcal{T})}))\oplus(\bigoplus_{\in}\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}iI(Vi, Wi))\oplus(\bigoplus_{\in I}\mathrm{H}\mathrm{o}\mathrm{m}i\mathrm{c}(W_{i}, Vi))$
$X(W;\nu)$ ( $B_{\mathcal{T}},$ $t_{i}$ , si)
$\epsilon$ : $Harrow \mathbb{C}^{*}$ $\epsilon(\tau)+\epsilon(\overline{\tau})=0(\forall\tau\in H)$ –
$X(W;\nu)$ symplectic form $\omega$
(3.2.1) $\omega((B, t, s), (B’’, t, s’))=\sum_{\mathcal{T}\in H}tr(\epsilon(\tau)B_{\overline{\tau}}B_{\tau}’)+\sum^{n}i=1tr(_{S}it_{i^{-}}’s_{i}t_{i}’)$
$G( \nu)=\prod_{i=1}ncL(V_{i})$ $X(W;\nu)$
(3.2.2) $(B, t, S)\vdasharrow(g_{\mathrm{i}\mathrm{n}(_{\mathcal{T})}}Bg\tau \mathrm{o}\mathrm{u}\mathrm{t}(\mathcal{T})’ t_{i}-1g_{i^{-1}}, gi^{S}i)$
57
$g–(g_{i})\in G(\nu)$ $G(\nu.)$ symplectic
form $\omega$ $\mu$ : $X(W;\nu)arrow \mathrm{g}(\nu)$ moment map
moment map $i$ $\mu_{i}$ : $X(W;\nu)arrow \mathrm{E}\mathrm{n}\mathrm{d}(V_{i})$




Definition 32.1 $(B, t, s)\in X(W;\nu)$ stable point
$V=\oplus_{i\in I}V_{i}$ $I$ -graded subspace $V’=\oplus_{i\in I}V^{J}i$
(1) $V’$ $B$ - $\tau\in H$ $B_{\tau}(V_{oub()}’)\tau\subset V_{in}’(\tau)$ ’
(2) $i\in I$ $V_{i}’\subset Ker(t_{i})$
$V’=\{0\}$
stable point $X(W;\nu)$ $X(W;\nu)St$
$X(W;\nu)St$ $X(W;\nu)$ $X(W;\nu)$
$\nu\in Q_{-}$ $X(W;l\ovalbox{\tt\small REJECT})st=\emptyset$
$G(\nu)$ $X(W;\nu)St$
Lemma 322 $[N]G(\nu)$ $X(W;\iota\ovalbox{\tt\small REJECT})st$ fixed point free




$X(W;\nu)$ quiver variety $(B, t, s)$ $G(U)$ -orbit (W; $\nu$ )
$[B, t, s]$
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Remark. $X(W;\nu)$ (GIT) quotient
$\mu^{-1}(0)$ line bundle $G(\nu)$
line bundle $G(\nu)$ graded ring
quasi-projective variety
Proposition 324[$N\mathit{1}x_{(;}W\nu)\neq\phi$
(1) $X(W;\nu)\iota \mathrm{a}$: smooth quasi-projective variety -C $\dim x(W;\nu)=||\lambda||^{2}-$
$||\lambda+\nu||^{2}$ .
(2) $X(W;U)$ ( $\omega$ symplectic structure
4 Lagrangian construction of crystal base
4.1
$\nu,\overline{\nu}\in Q_{-}$ $\nu-\overline{\nu}\in \mathbb{Z}_{\leq 0}\alpha_{i}$ $V,\overline{V}$ $\dim V=\nu$ ,
$\dim V’=\overline{\nu}$ $I$-graded vector space
(4.1.1) $X(W;\overline{\nu})q_{1}arrow x(W;\overline{\mathcal{U}}, \nu)q2arrow X(W;\nu)$ .
$X(W;\overline{\nu}, \nu)$ 4 $(B, t, s, \emptyset)$ variety $(B, t, s)$
$X(W;\nu)$ $\phi=(\phi_{i})$ : $\overline{V}arrow V$ $I$-graded vector space injective
morphism ${\rm Im}\phi=({\rm Im}\phi_{i})$ $B$- ${\rm Im} s=({\rm Im} s_{i})$
$Bt,$ $s$ $\overline{B}$ : $\overline{V}arrow\overline{V},$ $t_{i}^{-}$ : $\overline{V}_{i}arrow W_{i}$ ,
$\overline{s}_{i}$ : $W_{i}arrow\overline{V}_{i}$ $q_{1}(B, t, S, \emptyset)=(\overline{B},,\overline{t},\overline{S}),$ $q_{2}(B, t, S, \emptyset)=(.B, t, s)$
(4.1.1) $\mu^{-1}(\mathrm{O})\cap$ { $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ points}
(4.1.2) $X(W,\overline{\nu})\varpiarrow^{1}x(W;\overline{U})\nu)\varpiarrow x2(W;\nu)$
$\varpi_{1}$














$=\{[B, t, s]\in X(W;\mathcal{U})|\epsilon_{i}((B, t, s))=C\}$
:
$\epsilon_{i}((B, t, s))=\dim_{\mathbb{C}}\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\oplus V_{\circ}\mathrm{u}\mathrm{t}(\tau)\mathcal{T};\mathrm{i}\mathrm{n}(_{\mathcal{T}})=i\oplus W_{i}-(B_{\tau^{S_{i}}},)V_{i})$
(W; \nu )i, (W; $\nu$ ) $.\text{ }$ locally closed subvariety
lemma




(42.1) . $X(W;\overline{\nu})_{i},parrow\varpi_{1}\text{ }(W;\overline{\nu}, \mathcal{U})i,parrow^{2}\varpi \text{ }(W;\nu)_{i,p}+c$
$P$ – $\varpi_{1}$ $\varpi_{2}$ $p=0$
Lemma 4.2.2 .2.1) $p=0$
(1) $\text{ }(W; \overline{\nu})_{i,0}\text{ }(\mathrm{w}; \overline{\nu})$ open subvariety
(2) $\varpi_{1}$ fiber Grassman $GraSS_{c}(\mathbb{C}\langle hi,\lambda+\overline{\nu}\rangle)$
(3) $\varpi_{2}$




$\sigma=(\tau_{1}, \tau_{2}, \cdot, . , \tau_{N})$ out $(\tau_{i+1})=\mathrm{i}\mathrm{n}(\tau_{i})(1\leq i\leq N-1)$
path $N$ path $B=(B_{\tau})$ path
$\sigma=(\tau_{1}, \tau_{2}, \cdots, \tau_{N})$ $B_{\sigma}$ : $V_{\mathrm{o}\mathrm{u}\mathrm{t}(\tau_{N}}$ ) $arrow V_{\mathrm{o}\mathrm{u}\mathrm{t}(\mathcal{T}_{1})}$
$B=(B_{\tau})$ $N\in \mathbb{Z}_{\geq 0}$ $N$ path
$\sigma$ $B_{\sigma}=0$ $B$ (nilpotent)
$X(W;U)$ subvariety $\Lambda(W;\nu)$
$\Lambda(W;\nu)=$ { $[B,$ $t,$ $s]\in X(W;U)|s=0$ $B$ nilpotent}
propsition $\Lambda(W;\nu)$
Proposition 4.3.1 $[N]\Lambda(W;\nu)f\mathrm{h}$ (W; $\nu$ ) ex Lagrangian subvariety $\vee C\text{ }$
$B(W;\nu)$ $\Lambda(W;\nu)$ $\Lambda\in B(W;\nu)$
generic point $[B, t, s]$ $\epsilon_{i}(\Lambda)=_{\hat{\mathrm{C}}i}((B, t, S))$






Proposition 432 $\tilde{f}_{i}^{c}$ : $B(W;\overline{\nu})_{i,0}arrow B(W, \nu)$ i,
$\tilde{e}_{i^{C}}$ : $B(W;\nu)_{i}$ , $arrow B(W\cdot\overline{\nu}))i,0$
$\tilde{e}_{i},\tilde{f}_{i}$ : $\mathrm{u}B(W;\nu)\nuarrow \mathrm{u}_{\nu}B(W;U)\mathrm{u}\{\mathrm{o}\}$
$\tilde{e}_{i}$ : $B(W;\nu)i,c^{arrow}Bi(e^{- c}\alpha_{i}W;U+C)_{i,0}arrow B(W;U+\alpha_{i})_{i_{\text{ }-}}\tilde{f}_{i}^{c-1},1$ ,
$\tilde{f}_{i}$ : $B(W;U)_{i}$ ,
$arrow B(\tilde{e}_{i^{C}}W;U+C\alpha i)i,0arrow B\underline{\overline{f}_{i}}^{c}+1(W;U-\alpha_{i})i,\text{ }+1$
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Remark. (1) - $\tilde{e}_{i}$ (resp. $\tilde{f}_{i}^{c}$) $\tilde{e}_{i}$ (resp. $\tilde{f}_{i}$ ) $c$
(2) stability $B(W;\nu)_{i_{\text{ }}}$, $B(W;U+\alpha_{i})i_{C},-1$
$\tilde{e}_{i}(\mathrm{A})=0$
$\Lambda\in B(W;\nu)$ $wt,$ $\varphi_{i}$
$wt(\Lambda)=\lambda+\mathcal{U}$ , $\varphi_{i}(\Lambda)=\epsilon(\Lambda)+\langle h_{i}, wt(\Lambda)\rangle$
Theorem 4.4.1 $\dim W=\lambda$ ( dominant integral weight
(1) $\square _{\nu}B(W;\nu)$ crystal
(2) $\mathrm{u}_{\nu}B(W;\nu)$ $B(\lambda)$ crystal
(1) crystal $(\mathrm{C}1)\sim(\mathrm{C}4)$ $\neq^{-}$ (2)
$B(\lambda)$ crystal (Proposition 22.1)








canonical base( $=\mathrm{g}\mathrm{l}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{l}$ base) crystal base
?
$U_{q}^{-}(\mathrm{g})$ Lusztig
canonical base $E_{\Omega}(V)$ $G$
pure singular support(
) canonical Lagrangian subvariety
canonical base singular support
{canonical base }\rightarrow {Lagrangian subvariety }
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1 1
crystal base canonical base (melting)
canonical base singular support
([KS] ) singular support
ltration top term melting
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